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2Q WKH EDVLV RI WKH WKHRU\ RI WKHUPRNLQHWLFV SURSRVHG LQ WKH OLWHUDWXUH� D QRYHO WKHUPRNLQHWLF

PHWKRG IRU GHWHUPLQDWLRQ RI WKH UHDFWLRQ UDWH� WKH FKDUDFWHULVWLF SDUDPHWHU PHWKRG� LV SURSRVHG LQ

WKLV SDSHU� 0DWKHPDWLFDO PRGHOV ZHUH HVWDEOLVKHG WR GHWHUPLQH WKH NLQHWLF SDUDPHWHUV DQG UDWH

FRQVWDQWV� ,Q RUGHU WR WHVW WKH YDOLGLW\ RI WKLV PHWKRG� WKH VDSRQLILFDWLRQV RI HWK\O EHQ]RDWH� HWK\O

DFHWDWH DQG HWK\O SURSLRQDWH� DQG WKH IRUPDWLRQ RI KH[DPHWK\OHQHWHWUDPLQH ZHUH VWXGLHG ZLWK WKLV

PHWKRG� 7KH UDWH FRQVWDQWV FDOFXODWHG ZLWK WKLV PHWKRG DUH LQ DJUHHPHQW ZLWK WKRVH LQ WKH OLWHUD�

WXUH� DQG WKH FKDUDFWHULVWLF SDUDPHWHU PHWKRG LV WKHUHIRUH EHOLHYHG WR EH FRUUHFW�

,Q WKH OLJKW RI WKH FKDUDFWHULVWLF SDUDPHWHU PHWKRG� ZH KDYH GHYHORSHG IXUWKHU WZR WKHUPR�NL�

QHWLF PHWKRGV� WKH WKHUPRDQDO\WLFDO VLQJOH DQG PXOWL�FXUYH PHWKRGV� ZKLFK DUH FRQYHQLHQW IRU VL�

PXOWDQHRXV GHWHUPLQDWLRQ RI WKH UHDFWLRQ RUGHU DQG WKH UDWH FRQVWDQW� 7KH UHDFWLRQ RUGHUV DQG UDWH

FRQVWDQWV RI WKH VDSRQLILFDWLRQV RI HWK\O DFHWDWH DQG HWK\O EXW\UDWH DQG WKH ULQJ�RSHQLQJ UHDFWLRQ

RI HSLFKORURK\GULQ ZLWK K\GUREURPLF DFLG ZHUH GHWHUPLQHG ZLWK WKHVH PHWKRGV� DQG WKHLU YDOLGLW\

ZDV YHULILHG E\ WKH H[SHULPHQWDO UHVXOWV�

.H\ZRUGV� FKDUDFWHULVWLF SDUDPHWHU PHWKRG� UHDFWLRQ RUGHU� VLPSOH�RUGHU UHDFWLRQV� WKHUPRNL�
QHWLF UHVHDUFK PHWKRG

,QWURGXFWLRQ

7KH WKHUPRDQDO\WLFDO FXUYH RI D FKHPLFDO UHDFWLRQ LPSOLHV NLQHWLF DQG WKHUPRG\�

QDPLF LQIRUPDWLRQ RQ WKH UHDFWLRQ� ,W LV DQ LPSRUWDQW JRDO RI WKHUPRNLQHWLFV WR HVWDE�

OLVK D UHVHDUFK PHWKRG WR REWDLQ VXFK YDOXDEOH LQIRUPDWLRQ� 2Q WKH EDVLV RI WKH IXQ�

GDPHQWDO WKHRU\ RI WKHUPRNLQHWLFV� WKH GLPHQVLRQOHVV SDUDPHWHU PHWKRG RI GLIIHU�

HQW�RUGHU UHDFWLRQV ZDV HDUOLHU GHYHORSHG >�−�@� +RZHYHU� LW FDQ QRW EH DSSOLHG WR

WKRVH UHDFWLRQV ZKRVH UDWLR RI WKH FKDUDFWHULVWLF WKHUPRDQDO\WLFDO FXUYH GDWD α
P

∗
�$ LV

EHORZ WKH FULWLFDO YDOXH� $GGLWLRQDOO\� UHDFWLRQV RI GLIIHUHQW RUGHUV LQYROYH GLIIHUHQW

IRUPV RI WKH GLPHQVLRQOHVV SDUDPHWHU PHWKRG� ZKLFK LV LQFRQYHQLHQW IRU WKH XVHUV�

,Q RUGHU WR HQULFK DQG LPSURYH WKHUPRNLQHWLF UHVHDUFK� D QRYHO UHVHDUFK PHWKRG IRU
VLPSOH�RUGHU UHDFWLRQV� WKH FKDUDFWHULVWLF SDUDPHWHU PHWKRG� LV VXJJHVWHG LQ WKLV SDSHU�

����±�������� � ����

 ���� $NDGpPLDL .LDGy� %XGDSHVW

$NDGpPLDL .LDGy� %XGDSHVW

.OXZHU $FDGHPLF 3XEOLVKHUV� 'RUGUHFKW


 $XWKRU WR ZKRP DOO FRUUHVSRQGHQFH VKRXOG EH DGGUHVVHG�



,W FDQ EH XVHG WR GHWHUPLQH QRW RQO\ WKH UDWH FRQVWDQW� EXW DOVR WKH UHDFWLRQ RUGHU RI
WKH VWXGLHG UHDFWLRQ� ,WV YDOLGLW\ LV WHVWHG E\ FRPSDULVRQ ZLWK H[SHULPHQWDO UHVXOWV�

7KHRU\�DQG�PHWKRG

7KHUPRNLQHWLF FKDUDFWHULVWLF HTXDWLRQ RI FKHPLFDO UHDFWLRQ

,Q D SUHYLRXV DUWLFOH >�@� ZH SURYHG WKDW WKH WKHUPRNLQHWLF HTXDWLRQV RI D FKHPL�
FDO UHDFWLRQ WDNLQJ SODFH LQ D EDWFK FRQGXFWLRQ FDORULPHWHU FDQ EH GHVFULEHG DV
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*α7

= )(W) ���
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ZKHUH α∗ LV WKH SHDN DUHD DIWHU WLPH W� ∆ LV WKH SHDN KHLJKW DW WLPH W DQG α7 LV WKH WRWDO

DUHD XQGHU WKH FXUYH� * DQG Λ DUH WKH FRHIILFLHQW RI KHDW ORVV DQG WKH HIIHFWLYH FDSDF�

LW\ RI WKH FDORULPHWULF V\VWHP� UHVSHFWLYHO\� )�W� DQG *�W� DUH IXQFWLRQV ZLWK UHVSHFW

WR WLPH W� )RU GLIIHUHQW UHDFWLRQ RUGHUV� )�W� DQG *�W� KDYH GLIIHUHQW H[SUHVVLRQV �DV

VKRZQ LQ 7DEOH ���

:LWK WKH GHILQLWLRQ β=*�Λ� ZKLFK LV JHQHUDOO\ FDOOHG WKH FRROLQJ FRQVWDQW RI D
WKHUPRNLQHWLF V\VWHP� ZH KDYH
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α7

−
∆

βα7

= )(W) ���
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:H OHW

Φ =
4∞ − 4

4∞
���

ZKHUH Φ LV WKH UDWLR RI WKH KHDW HIIHFW SURGXFHG DW WLPH W DQG WKH WRWDO KHDW HIIHFW�

ZKRVH YDOXH LPSOLHV WKH H[WHQW RI UHDFWLRQ� $FFRUGLQJ WR WKH 7LDQ HTXDWLRQ >�@� LW FDQ

EH SURYHG WKDW

Φ =
α∗
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−
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,Q WKH IROORZLQJ� W
P
LV WKH WLPH FRUUHVSRQGLQJ WR WKH PD[LPXP SHDN KHLJKW RI WKH

WKHUPRDQDO\WLFDO FXUYH� JHQHUDOO\ FDOOHG WKH FKDUDFWHULVWLF WLPH SDUDPHWHU� :KHQ
W W

P
� WKHQ Φ=Φ

P
� G∆�GW=�� )�W� )�W

P
� DQG *�W� *�W

P
�� )URP (TV ���� ��� DQG ���� ZH

REWDLQ WKH WKHUPRNLQHWLF FKDUDFWHULVWLF HTXDWLRQV RI UHDFWLRQV ZLWK VLPSOH RUGHU�

Φ
P

= )(W
P

) ���

∆
P

α7

= *(WP) ���

0DWKHPDWLFDO PRGHOV RI WKH FKDUDFWHULVWLF SDUDPHWHU PHWKRG IRU
VLPSOH�RUGHU UHDFWLRQV

$FFRUGLQJ WR WKH H[SUHVVLRQV IRU )�W� DQG *�W� OLVWHG LQ 7DEOH �� IURP (TV ���
DQG ���� LW FDQ EH SURYHG WKDW IRU D ILUVW�RUGHU UHDFWLRQ�

N� =

∆P

α7

ΦP

���

IRU DQ QWK�RUGHU UHDFWLRQ ZLWK HTXDO FRQFHQWUDWLRQV�

.Q =

∆P

α7

ΦP

Q

����

DQG IRU D VHFRQG�RUGHU UHDFWLRQ ZLWK XQHTXDO FRQFHQWUDWLRQV�

.�′ =

∆P

α7

ΦP + ΦP
� (5F − �)

����

(TXDWLRQV ���−���� DUH WKH IRUPXODH IRU FDOFXODWLQJ WKH NLQHWLF SDUDPHWHUV IRU
VLPSOH�RUGHU UHDFWLRQV ZKHQ XVLQJ WKH FKDUDFWHULVWLF SDUDPHWHU PHWKRG� )URP WKH
WKHUPRDQDO\WLFDO FXUYH� ZH NQRZ WKH YDOXHV RI ∆P � WP DQG α7� 7KH NLQHWLF SDUDPHWHU
DQG UDWH FRQVWDQW RI WKH VWXGLHG UHDFWLRQ FDQ WKHUHIRUH EH FRQYHQLHQWO\ FDOFXODWHG�

6LPXOWDQHRXV GHWHUPLQDWLRQ RI WKH UHDFWLRQ RUGHU DQG WKH UDWH FRQVWDQW

)RU DQ LUUHYHUVLEOH UHDFWLRQ�

D$ + E% + F&→3 ����

ZKHUH $� % DQG & DUH UHDFWDQWV� D� E DQG F DUH WKH VWRLFKLRPHWULF QXPEHUV RI PROH�
FXOHV $� % DQG &� UHVSHFWLYHO\� DQG 3 LV WKH SURGXFW�

/HW XV VXSSRVH WKDW WKH UDWH ODZ IRU (T� ���� FDQ EH H[SUHVVHG DV
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ν = NQ>$@
Q
D>%@QE>&@QF ����

ZKHUH ν LV WKH UDWH RI WKH FKHPLFDO UHDFWLRQ� >$@� >%@ DQG >&@ DUH WKH FRQFHQWUDWLRQV

RI $� % DQG &� UHVSHFWLYHO\� DQG QD� QE DQG QF DUH WKH UHDFWLRQ RUGHUV ZLWK UHVSHFW WR

$� % DQG &� UHVSHFWLYHO\�

7KH WRWDO RUGHU RI WKH UHDFWLRQ LV JLYHQ E\

Q = QD + QE + QF ����

/HW XV VXSSRVH WKDW WKHUH LV HIIHFWLYHO\ FRQVWDQW FRQFHQWUDWLRQ RI DOO FRPSRQHQWV

H[FHSW RQH� ZKLFK IRU FRQYHQLHQFH LV WDNHQ DV FRPSRQHQW $� VR WKDW ZH KDYH D

SVHXGR�QDWK�RUGHU UHDFWLRQ� 7KHQ� GXULQJ D UHDFWLRQ UXQ� >%@ DQG >&@ DQG WKHLU SRZ�

HUV PD\ EH OXPSHG LQ ZLWK WKH UDWH FRQVWDQW NQ WR IRUP D SVHXGR�QDWK�RUGHU UDWH FRQ�

VWDQW N′� ZKLFK LV JLYHQ E\

N′ = NQ>%@R
Q
E>&@R

Q
F ����

ZKHUH >%@R DQG >&@R DUH WKH LQLWLDO FRQFHQWUDWLRQV RI % DQG &� UHVSHFWLYHO\� 7KXV�

ν = N′>$@QD ����

7KLV FDQ EH WUHDWHG DV DQ QDWK�RUGHU UHDFWLRQ ZLWK HTXDO FRQFHQWUDWLRQV�
2Q WKH EDVLV RI WKH FKDUDFWHULVWLF SDUDPHWHU PHWKRG LQ WKH SUHVHQW SDSHU� WKH VLQ�

JOH DQG PXOWL�WKHUPRDQDO\WLFDO FXUYH PHWKRGV IRU GHWHUPLQDWLRQ RI WKH UHDFWLRQ RU�

GHU DQG WKH UDWH FRQVWDQW FDQ EH GHYHORSHG DV IROORZV�

7KHUPRDQDO\WLFDO VLQJOH�FXUYH PHWKRG

:KHQ W WP DQG WL� IURP (TV ��� DQG ��� DQG WKH H[SUHVVLRQ RI WKH QWK�RUGHU UHDF�
WLRQ ZLWK HTXDO FRQFHQWUDWLRQV OLVWHG LQ 7DEOH �� ZH REWDLQ

Φ
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D
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)URP (TV ���� DQG ����� ZH KDYH
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(QD − �)(WL − WP)∆P

(ΦPα7)
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


����

(TXDWLRQ ���� LV WKH PDWKHPDWLFDO H[SUHVVLRQ RI WKH WKHUPRDQDO\WLFDO VLQJOH�

FXUYH PHWKRG� 7KH YDOXHV RI ΦP� ΦL� ∆P� α7� WL DQG WP FDQ EH REWDLQHG IURP RQH WKHU�

PRDQDO\WLFDO FXUYH� DQG WKHUHIRUH (T� ���� LQYROYHV RQO\ RQH XQNQRZQ UHDFWLRQ RU�

GHU� QD� ZKLFK FDQ HDVLO\ EH FDOFXODWHG� N′ FDQ WKHQ EH FDOFXODWHG DV
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D − ΦP

�−Q
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(QD − �)(WL − WP)
����

,Q SULQFLSOH� QE DQG QF FDQ EH REWDLQHG LQ WKH VDPH ZD\ DV QD� DQG FDQ DOVR EH RE�

WDLQHG E\ WKH IROORZLQJ SURFHGXUH�

8QGHU WKH SVHXGR�QWK�RUGHU FRQGLWLRQ� OHW >%@R EH YDULHG EXW OHW >&@R EH FRQVWDQW�

7KHQ� IURP (T� ����� ZH KDYH

N�′ = NQ>%@R�
Q >&@R

Q ����

N�′ = NQ>%@R�
Q >&@R

Q ����

)URP (TV ���� DQG ����� LW FDQ EH SURYHG WKDW
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ZKHUH N�′ DQG N�′ DUH WKH UDWH FRQVWDQWV ZKHQ WKH LQLWLDO FRQFHQWUDWLRQV RI % DUH >%@R�
DQG >%@R�� UHVSHFWLYHO\�

(TXDWLRQ ���� FDQ QRW EH DSSOLHG WR WKH ILUVW�RUGHU UHDFWLRQ� $FFRUGLQJ WR WKH IRU�

PXOD RI )�W� IRU D ILUVW�RUGHU UHDFWLRQ DQG (TV ��� DQG ���� ZH KDYH

OQΦ = −N�W ����

(TXDWLRQ ���� LV FKDUDFWHULVWLF RI D ILUVW�RUGHU UHDFWLRQ� ,I SORWV OQΦ YV� W H[KLELW D

JRRG OLQHDU UHODWLRQVKLS� WKHQ WKH UHDFWLRQ VWXGLHG LV D ILUVW�RUGHU UHDFWLRQ�

QF FDQ EH REWDLQHG LQ WKH VDPH ZD\ DV QE� DQG WKXV WKH WRWDO UHDFWLRQ RUGHU Q FDQ

EH REWDLQHG YLD (T� �����

7KHUPRDQDO\WLFDO PXOWL�FXUYH PHWKRG

8QGHU WKH SVHXGR�QDWK�RUGHU FRQGLWLRQ� DFFRUGLQJ WR WKH UHODWLRQVKLS EHWZHHQ NL�
QHWLF SDUDPHWHU .Q DQG UDWH FRQVWDQW NQ� DQG IURP (T� ����� ZH KDYH

∆P>$@R

α7

= N′(ΦP>$@R)QD
����

7KH ORJDULWKPLF IRUP RI (T� ���� LV

ORJ

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

∆
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α7



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= ORJN′ + QDORJ(ΦP>$@R)
����

,I >%@R DQG >&@R DUH NHSW FRQVWDQW GXULQJ WKH H[SHULPHQWDO UXQV� WKHQ N′ LV FRQ�

VWDQW� $ SORW RI ORJ(∆P>$@R�α7) YV� ORJ(ΦP>$@R) VKRXOG JLYH D VWUDLJKW OLQH RI VORSH QD�
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,Q SUDFWLFH� LW LV SRVVLEOH LQ WKLV ZD\ WR REWDLQ WKH UHDFWLRQ RUGHU ZLWK UHVSHFW WR HDFK

UHDFWDQW E\ PDNLQJ HDFK RQH VXFFHVVLYHO\ WKH OHDVW FRQFHQWUDWHG FRPSRQHQW� 7KXV�

WKH WRWDO RUGHU Q FDQ DOVR EH REWDLQHG�

,W LV HDV\ WR ILQG WKH UDWH FRQVWDQW NQ E\ WKH FKDUDFWHULVWLF SDUDPHWHU PHWKRG DIWHU

QD� QE DQG QF KDYH EHHQ GHWHUPLQHG�

([SHULPHQWDO

5HDFWLRQ V\VWHP

,Q RUGHU WR WHVW WKH YDOLGLW\ RI WKH FKDUDFWHULVWLF SDUDPHWHU PHWKRG LQ WKLV SDSHU�

WKH WKHUPRNLQHWLFV RI IRXU UHDFWLRQV ZLWK GLIIHUHQW RUGHUV� DV VKRZQ EHORZ� KDYH EHHQ

VWXGLHG�

�� $ SVHXGR�ILUVW�RUGHU UHDFWLRQ� WKH VDSRQLILFDWLRQ RI HWK\O EHQ]RDWH LQ DTXHRXV
HWKDQRO DV VROYHQW DW ��R&�

�� $ VHFRQG�RUGHU UHDFWLRQ ZLWK XQHTXDO FRQFHQWUDWLRQV� WKH VDSRQLILFDWLRQ RI
HWK\O SURSLRQDWH LQ DTXHRXV HWKDQRO DV VROYHQW DW ��R&�

�� $ VHFRQG�RUGHU UHDFWLRQ ZLWK HTXDO FRQFHQWUDWLRQV� WKH VDSRQLILFDWLRQ RI HWK\O
DFHWDWH LQ DTXHRXV VROXWLRQ DW ��R&�

�� $ WKLUG�RUGHU UHDFWLRQ� WKH UHDFWLRQ RI IRUPDOGHK\GH ZLWK DPPRQLD LQ DTXHRXV
VROXWLRQ WR IRUP KH[DPHWK\OHQHWHWUDPLQH DW ��R&�

$OO WKH UHDJHQWV LQ WKH DERYH UHDFWLRQV ZHUH DQDO\WLFDOO\ SXUH UHDJHQWV� 7KH FRQ�
FHQWUDWLRQV RI 1D2+ DQG .2+ LQ VROXWLRQ ZHUH VWDQGDUGL]HG ZLWK SRWDVVLXP K\GUR�
JHQ SKWKDODWH�

0HDVXUHPHQW RI WKHUPRDQDO\WLFDO FXUYHV

$OO WKH WKHUPRDQDO\WLFDO FXUYHV IRU WKH UHDFWLRQ V\VWHPV PHQWLRQHG DERYH ZHUH

PHDVXUHG ZLWK D WZLQ FRQGXFWLRQ FDORULPHWHU� ZKRVH EDVLF FRQVWUXFWLRQ ZDV VLPLODU

WR WKDW RI WKH &DOYHW FDORULPHWHU >�@� 7ZR HTXDO V\VWHPV �UHDFWLRQ FHOO DQG UHIHUHQFH

FHOO� ZHUH SODFHG LQ DQ LVRWKHUPDO EORFN DQG WKHUPRSLOHV ZHUH VLWXDWHG EHWZHHQ WKH

PHDVXULQJ V\VWHP DQG WKH EORFN DFFRUGLQJ WR WKH WZLQ SULQFLSOH� :KHQ D FKHPLFDO

UHDFWLRQ WRRN SODFH LQ WKH FDORULPHWHU� WKH RXWSXW VLJQDO ZDV UHFRUGHG DIWHU LW ZDV DP�

SOLILHG�

5HVXOWV�DQG�GLVFXVVLRQ

'HWHUPLQDWLRQ RI WKH FRROLQJ FRQVWDQW RI D WKHUPRNLQHWLF V\VWHP

7KH FRROLQJ FRQVWDQW RI D WKHUPRNLQHWLF V\VWHP LV DQ LPSRUWDQW SDUDPHWHU LQ RXU

PHWKRG� ,WV YDOXH PXVW EH GHWHUPLQHG E\ XVLQJ HOHFWULF FDOLEUDWLRQ >�@� :KHQ D KHDW

SURFHVV ZLWK FRQVWDQW HOHFWULF SRZHU LV WDNLQJ SODFH LQ D YHVVHO FRQWDLQLQJ WKH WKHU�

PLQDO UHDFWLRQ VROXWLRQ RI WKH FDORULPHWHU� WKH KHDW FXUYH LV UHFRUGHG� :KHQ KHDWLQJ

LV VWRSSHG� WKH FRROLQJ FXUYH FDQ EH REWDLQHG� IURP ZKLFK WKH FRROLQJ FRQVWDQW FDQ
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UHDGLO\ EH FDOFXODWHG� 7KH UHVXOWV RI HOHFWULF FDOLEUDWLRQ RI WKH VWXGLHG UHDFWLRQV DUH

OLVWHG LQ 7DEOH ��

9HULILFDWLRQ RI WKH FKDUDFWHULVWLF SDUDPHWHU PHWKRG

$IWHU WKH WKHUPRDQDO\WLFDO FXUYH RI D UHDFWLRQ KDV EHHQ PHDVXUHG� WKH FKDUDF�
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